Four-qubit bound entangled Smolin states are generalized with help of the Hilbert-Schmidt formalism to any even number of qubits. They are shown to maximally violate simple correlation Bell inequalities and, as such, to reduce communication complexity, although they do not admit quantum security. They are also shown to serve for remote quantum information concentration, as in the case of the original four-qubit states. It is proven that the latter effect allows us to unlock some entanglement measures and classical correlations. Also the possibility of quantum secret sharing by the considered state is pointed out.
I. INTRODUCTION
Quantum entanglement ͓1,2͔ is a very important resource in quantum-information theory ͑QIT͒ ͓3͔. It contributes to fundamental quantum-information phenomena ͓4-7͔ and itself represents a quality that is not present in classical world. Entanglement of pure states has been shown to be incompatible with any local hidden models since it violates wellknown Bell inequalities ͓8͔. It has also been proven to be an optimal resource for quantum information. The case of mixed state is more complicated. Though mixed states in many cases can serve as a QIT resource it is difficult to characterize useful mixed state entanglement in general. In addition the fundamental question initiated in ͓9͔, namely, which entangled mixed states admit local hidden variable theories, remains open still. The very interesting type of entanglement that serves as an ideal probe for the above analysis is bound entanglement ͑BE͒ ͓10͔ that cannot be distilled to pure entangled form, nevertheless turns out to be useful in some quantum QIT tasks ͓11-16͔. On the other hand, recently, following pioneering and surprising result ͓17͔, a few multipartite bound entangled states ͓18,19͔ including especially the case of six qubits ͓20͔ have been shown to violate Bell inequalities. Note that this means that BE can serve for reduction of communication complexity in a wide class of schemes provided in ͓21,22͔. The scenario with minimal number of particles N = 6 required continuous setting Bell inequalities that cannot be implemented experimentally. Also no maximal violation of Bell inequalities has been reported for analyzed states.
Quite recently, however, a Smolin bound entangled state ͓23͔ representing a qubit density matrix have been reported ͓24͔ to violate Bell inequalities maximally in a very simple setting ͑similar to the CHSH ͓25͔ scenario͒. At the same time the states do not admit a multiparty cryptography scenario. This means that one should be careful in interpreting the Bell inequality violation in the context of quantum security.
In the present work we generalize Smolin states to any even number of particles, calling these states generalized Smolin states ͑GSSs͒. We show that they maximally violate Bell inequalities as was the case of four qubits. As such they can optimally reduce communication complexity in some well-defined scenarios ͓21,22͔. Still it can be shown, as in the four-qubit case, that in spite of maximal Bell violation, the states are not useful for quantum security. On the other hand we show that GSSs like the original Smolin state ͑see ͓12͔͒ allow for remote quantum-information concentration. Quantum networks realizing the noisy GSSs are designed. Finally we discuss the relation of Bell inequality violation and quantum security. We find a possibility of interesting application of the result of information concentration as an unlocking of large amount of classical information or quantum entanglement.
This paper is organized as follows. In Sec. II it is presented the method leading to construction of the generalized Smolin states. Here, we show that these states violate certain Bell inequalities. Finally we consider a one-parameter class of states, namely, the noisy Smolin states. In particular we compare the states with a one-parameter family of states unitarily equivalent to that known as the Werner or isotropic state. In Sec. III we show that despite being bound and entangled, GSSs may be used to perform some QIC tasks. In Sec. IV there are presented networks generating noisy Werner as well as noisy generalized Smolin states. The interesting effect unlocking entanglement measures with GSSs is described in Sec. V. The paper ends with discussion in Sec. VI, which summarizes the results obtained.
called Bell basis defined on a Hilbert space C 2 C 2 as
From Eqs. ͑2.1͒ and ͑2.2͒ one can immediately infer that U 2 ͑m͒ P 0 B U 2 ͑m͒ = P m B ͑m =0, ... ,3͒, where P m B denotes a projector onto ͉ m B ͘. For the purposes of further analyses it is convenient to rewrite the above states using the Hilbert-Schmidt formalism ͑see ͓26͔͒. Let us recall that every state acting on the space C 2 C 2 may be written in the form = 1 4
͑2.3͒
where I is defined as previously, r and s are vectors from R 3 given, respectively, by r =Tr͓ ͑ I͔͒ and s =Tr͓ ͑I ͔͒, and is a vector constructed from the Pauli matrices, i.e., = ͓ 1 , 2 , 3 ͔. Coefficients t ij =Tr͑ i j ͒ form a realvalued matrix T 2 ͑the subscript refers to the number of particles͒. For the Bell states ͑2.2͒ we have the nice geometrical structure ͓26͔ that results in particular in
͑2.4͒
Note that for all the Bell states vectors r and s equal zero and matrices T 2 ͑m͒ ͑m =0, ... ,3͒ are diagonal. Moreover, all these states maximally violate the CHSH-Bell inequality for the correlation function ͓25͔, i.e., the degree of violation is ͱ 2 and it is the maximal value achievable within the quantum theory. Then let us introduce the so-called Smolin state ͓23͔, acting on a space ͑C 2 ͒ 4 :
͑2.5͒
This state is bound entangled since we cannot distill a singlet between any pair of particles. However, the distillation of entanglement between any two parties is possible when the two others are in the same laboratory. As shown in ͓24͔ the Smolin state posses the intriguing feature, namely despite being bound entangled it violates maximally the CHSH-type Bell inequality for four particles. Now, we are in position to present our construction. First, let us define certain states in the following recursive way: 
͑2.7͒
Proof. The proof will be established using mathematical induction. For n = 1 this observation is obvious, since Eq. ͑2.7͒ represents the Hilbert-Schmidt expression for singlet ͑2.4͒. Therefore for further clarity we investigate the case with n = 2, i.e., the case of a Smolin state. So our task is to prove that
with this aim it suffices to substitute the Hilbert-Schmidt expansions for all the Bell states ͑2.4͒ to Eq. ͑2.5͒ and to utilize the facts that ͚ m=0 3 T 2 ͑m͒ = diag͓0,0,0͔ and
Now we assume that for arbitrary natural number n the thesis ͑2.7͒ if satisfied. Below we prove that the expression 2͑n+1͒ = 1 2
is satisfied. First, let us recall that by the definition ͑2.6͒ the state 2͑n+1͒ may be constructed as follows:
Second, let us note that arbitrary density matrix describing N spin-1 / 2 particles may be written as
Here, the coefficients m 1 ,. 
with only nonzero elements being explicitly written, i.e., those for m 1 =¯= m 2n ͑m 1 , ... ,m 2n =1,2,3͒. Treating T 2 ͑m͒ ͑m =0, ... ,3͒ as vectors from R 9 and using Eqs. ͑2.4͒ and ͑2.13͒ one can immediately infer that
͑2.14͒
Here 0 denotes a zero vector from R 9n . Finally, substitution of the states U 2n ͑m͒ 2n U 2n ͑m͒ and the Bell states ͑2.2͒ into Eq. ͑2.11͒ with the aid of Eqs. ͑2.13͒ and ͑2.14͒ completes the proof.
B. Violation of Bell inequalities
Now, we show that GSSs for arbitrary n ജ 2 can violate certain Bell inequalities. This will be done in an analogous way to that presented in ͓24͔. With this aim consider a standard scenario in which the jth party ͑j =1,2, ... ,N͒ can choose between two dichotomic observables Ô k j ͑j͒ ͑k j =1,2͒.
For our purposes it suffices to consider an N-particle CHSHtype Bell inequality of the form
which may be derived from the more general set of Bell inequalities ͓27,28͔ or using the same technique as for the two-particle CHSH Bell inequality ͓25͔. The function E appearing in Eq. ͑2.15͒ is the so-called correlation function classically defined as an average of the measurement outputs taken over many runs of experiment:
͑2.16͒
In quantum regime the definition is
where in the case of spin-1 2 particles the dichotomic observables are of the form
with n k j ͑j͒ denoting vectors from R 3 , obeying ͉n k j ͑j͒ ͉ = 1. Here we deal with an even number of particles and therefore we put N =2n ͑n =2,3, ...͒. To achieve violation of the Bell inequalities ͑2.15͒ it suffices to choose
where x and ŷ stand for unit vectors directed along, respectively, the OX and OY axes. The above vectors give
͑2.20͒
which obviously violates the Bell inequality ͑2.15͒ for arbitrary n ജ 2. Moreover, this violation is maximal which can be easily shown by the Cirel'son bound ͓29͔ since for this purpose in each term of ͑2.20͒ one can combine all 2n − 1 local operators into one dichotomic operator. Concluding, we have just shown that any of states ͑2.6͒ violates the Bell inequality ͑2.15͒ maximally in the sense that no other quantum state can violate that in a stronger way. For n = 1 it is obvious since for this value of n we have one of the Bell states; however for n ജ 2 this violation is surprising in the light of the fact that all these states are bound entangled. One could partially resolve that paradox observing that the above inequality has a nonsymmetric structure: the last particle is distinguished, while all the previous ones are treated on the same footing. This however does not mean automatically that it is only bipartite inequality, i.e., that it measures only absence of bipartite hidden local variables model, since all the remaining 2n − 1 observables are local.
C. Noisy states
Trying to generalize the above considerations, we investigate some of the properties of the GSS in presence of noise. In other words below we characterize states
where I as previous is identity acting on one-qubit space and bound entangled states 2n are defined by Eq. ͑2.6͒. Below we show that this family of states has similar separability properties and violate Bell inequality in the same regime with respect to p as two-qubit Werner states ͓9͔.
In the first step let us observe that by virtue of Eq. ͑2.7͒ we may rewrite Eq. ͑2.21͒ as follows:
To investigate separability properties of the noisy GSS ͑2.21͒ let us introduce projectors
as corresponding to eigenvectors of k with eigenvalues ±1. Then let us consider two-qubit mixed separable states introduced in ͓26͔:
Please notice that these states may be easily generalized to arbitrary amount of particles. To this aim let us introduce the following notations:
From that construction it is obvious that all states k,n ͑±͒ ͑k =1,2,3, n =2,3, ...͒ are fully separable. Moreover, taking into account expression ͑2.23͒ we may constitute the following observation.
Observation 2. All states k,n
͑±͒ have the form
͑2.26͒
Proof. Since the above observation is rather obvious, we decided to present below proof for n = 2. Generalization to arbitrary n Ͼ 2 is straightforward. From the definition ͑2.25͒ we infer k,2
and then application of Eqs. ͑2.23͒ to the above yields 
Proof. The proof is rather technical, so we restrict our consideration to the case of odd number of particles. After application of Eq. ͑2.26͒ to Eq. ͑2.29͒ we obtain 2n ͩ 1 3
The same procedure for the even number of particles gives expression with plus before the last term. Therefore, we may rewrite these two relations as
which completes the proof. We remark that using LOCC we may always add some noise and therefore the noisy GSSs become separable for all p ͓0,1/3͔. Subsequently, using observables defined by Eq. ͑2.19͒, we can see that violation of ͑2.15͒ by ͑2.21͒ is for p ͑1/ ͱ 2,1͔.
III. APPLICATIONS

A. Communication complexity
Quite recently Brukner et al. ͓21͔ showed that aside from being one of the most important tools in detection of nonlocality, Bell inequalities constitute criterion of usefulness of the quantum states in reducing communication complexity. The prove is constructive since for every Bell inequality and for broad class of quantum protocols they propose a multiparty communication complexity problem. Quantum protocols for this problem are more efficient when one uses quantum state violating that inequality.
In ͓24͔ we showed that despite being bound entangled, Smolin state may be considered as a useful tool in reducing communication complexity. Moreover, since it is possible to the Smolin state to violate certain Bell inequality maximally, its efficiency is the same as for free entangled states. In the light of the previous section it is clear that the rest of the GSSs are also useful in reducing communication complexity. Note that for the communication complexity problems related to these Bell inequalities the corresponding states work optimally, i.e., there are no other states that can work better.
B. Remote information concentration
Before we consider the GSS in context of remote information concentration we outline the basic ideas of telecloning scheme proposed by Murao et al. ͓30͔ . This scheme, comprising quantum teleportation and cloning, allow a sender to teleport an unknown one-qubit state to spatially separated receivers. Of course, by virtue of the no-cloning theorem received qubits are no longer perfect clones of teleported one.
Suppose that Alice wishes to teleport the one-qubit state
to her spatially separated friends B 1 , ... ,B M . With this aim she needs M − 1 ancilla qubits A 1 , ... ,A M−1 , which may be also spatially separated. After the whole procedure ͑for more details see ͓30͔͒ all of them share the so-called optimal cloning state:
where
and
͑3.4͒
The kets ͉A j ͘ A represent M normalized and orthogonal states of ancilla involving M − 1 qubits. The subscript B refers to M qubits holding the clones and finally ket ͉͕0, M − j͖ , ͕1, j͖͘ stands for normalized and symmetric state of M qubits with M − j zeros. Let us notice that
͑3.5͒
with denoting addition modulo 2. Murao and Vedral proved ͓12͔ that even if local clones are not perfect replicas of teleported qubit, it is still possible to recover information included in optimal cloning state at one site using only LOCC plus bound entangled Smolin state. To show it explicitly they used the unlockable bound entangled Smolin state S . This result suggests that all GSSs are useful to perform such a task. Indeed, below we show that this is the case.
First, let us assume that the optimal cloning state is distributed among Alice and her friends B 1 , ... ,B M in such a way that the former posses M − 1 ancilla qubits ͑generally these qubits may be also spatially separated͒ and the latter M qubits of clones. Subsequently, they wish to recreate the original qubit ͉͘ to Charlie using as a quantum channel the noisy GSS state distributed previously among all actors. In this scenario 2M − 1 qubits of the noisy GSS are provided to Alice and Bobs, while the last Mth one is given to Charlie. Now, to complete the goal Alice and B 1 , ... ,B M perform a Bell measurement between their qubits, one from optimal cloning state, and one from the noisy GSS. After that Charlie's qubit arrives at the state 
we may rewrite Eq. ͑3.7͒ as
with = ͓ 1,. . .,1 , 2,. . .,2 , 3,. . .,3 ͔. As we shall see below it suffices for Charlie to perform an operation
utilizing Eq. ͑3.9͒, we arrive at
In the last step we need to calculate coefficients 0. . .0 and . Utilizing relations ͑3.5͒ we immediately infer that 0. . .0 =1 and = ͓2 Re͑ab * ͒ ,2͑−1͒ M Im͑ab * ͒ , ͉a͉ 2 − ͉b͉ 2 ͔ and therefore after some elementary operations
͑3.12͒
For M = 2 and p = 1 the above protocol reproduces the result obtained previously by Murao and Vedral ͓12͔.
C. Quantum secret sharing
Here we shall also prove that GSSs are useful for quantum secret sharing ͓33͔. For original Smolin states this has been pointed out in ͓24͔. Note that this was the first example of secret sharing with the help of bound entangled states. A simple generalization of that fact to GSSs is possible. As in ͓24͔ the scenario here will be quite similar to that of pure states considered in ͓34͔. Let us take the GSS state of 2n parties and let us denote them for a moment by A 1 , ... ,A 2n . Let A 1 measure an arbitrary Pauli matrix, say 1 . It happens that the ͑counted in bits͒ result r 1 ͕0,1͖ of this measurement can represent a quantum secret bit that is shared by all other parties A 2 , ... ,A 2n . Indeed, if all the other parties measure the same observable and get the results r i then they satisfy:
͑ means here addition modulo 2͒. This is an immediate consequence of the fact that Tr͑ 1 2n 2n ͒ = ͑−1͒ n which means that ͑if for a moment we count the results in values ±1 one rather then in bits͒ if n is even, only even numbers of results equal to −1 can occurr and whenever n takes an odd value, only odd numbers of negative results may be obtained. Here 2n denotes a 2n-partite GSS defined by Eq. ͑2.6͒. From the above relation we see that if all the other parties A 2 , ... ,A 2n meet and compare their results they can reveal the value of the secret bit r 1 . On the other and any purification of 2n is of the form .14͒ means that, if after measurement of any binary observable, say 1 , on qubit A 1 we trace over all the other qubits, then the state of Eve does not depend on the result of the measurement r i , i.e., Eve has no correlations with the qubit A 1 so she can get no knowledge about the secret bit that comes out as a result of measurement on that qubit. Note that because of the permutational symmetry of the Smolin states all the above reasoning applies to any other qubit A i ͑i =2, ... ,2n͒.
IV. NETWORKS
In the light of all what was said previously it seems the generalized Smolin states to be very promising in practical use. On the other hand there has not been devoted too much attention to problem of generating the bound entangled states experimentally ͓35͔. Therefore below we present simple examples of networks generating GSSs. To this aim we need to make the following observation.
Observation 4. Noisy GSSs 2n ͑p͒ obey the recursive formula
Proof. It suffice to substitute Eq. ͑2.21͒ and the first of Eqs. ͑2.6͒ in Eq. ͑4.1͒ and to utilize Eq. ͑2.1͒.
As a matter of fact substitution of n = 2 in Eq. ͑2.21͒ leads to the well-known Werner state W ͑p͒ = ͑1− p͒ 1 4 I I + p 2 . Thus it is of particular interest to show the network generating this state. Such a network is presented in Fig. 1 .
The unitary operations U 1 and U 2 appearing in Fig. 1 are of the form
ͪ .
͑4.3͒
Moreover, H denotes the standard Hadamard gate and is given by
͑4.4͒
We shall denote the network presented on Fig. 1 by a black box with two outputs ͑see Fig. 2͒ . Then, using Observation 4, it is easy to verify that the noisy Smolin states may be created by the network presented in Fig. 3 .
It turns out that this network may be recursively generalized to arbitrary even number of particles. Indeed, using similar notation as for the noisy Werner states ͑see Fig. 2͒ , we may denote the network generating 2n ͑p͒ by the black box as in Fig. 4 . Hence, we may design the network for 2͑n+1͒ ͑p͒ as presented in Fig. 5 .
V. UNLOCKING QUANTUM ENTANGLEMENT WITH SMOLIN STATES
There is an interesting effect of locking quantum entanglement ͓36͔ which was inspired by previous result on locking classical correlations ͓37͔. Here we shall show that Smolin states allow to unlock quantum entanglement that was deliberately locked by optimal cloning of locking qubit and distributing clones between many parties.
A. Undoing perfect locking
Consider the following initial state qubits:
͑5.1͒
where we have initially four parties, Alice, M − 1 Bob, Charlie ͑possessing the CЈC system͒ and David, to whom the system D belongs. Here, P 0 denotes a projector onto ͉0͘.
Suppose that a given entanglement measure E that estimates entanglement between Charlie and David is lockable on the C Ј CD d state and that CЈ represents the locking qubit, i.e., such that
͑5.2͒
In particular, the state 
Now it is immediate to see that Alice and Bob can recover the system CЈ in its original form on the Charlie site with the help of quantum-information concentration. Because of the linearity of the transformation this is equivalent to reconstruction of the original state C Ј CD and hence unlocking the entanglement between Charlie and David. 
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B. The case of imperfect locking
Consider now the slightly modified initial state
satisfying the condition ͑5.2͒. Suppose that here the external party performs the following global transformation ͑i͒ cloning the qubit CЈ as in the previous subsection ͑ii͒ swapping qubit G M with the one CЉ. Here Charlie has two qubits CЉCЈ instead of the one CЈ, but entanglement of the state shared by Charlie and David is the same as before since the CЉ qubit is just added locally in pure state. It can be seen that the locking qubit CЈ is partially depolarized, i.e., the total state between Charlie and David C Љ C Ј CD is turned into a new one: ͒ → ϱ whenever d → ϱ. Let us stress that the measures considered there in place of E ͑entanglement cost or logarithmic negativity͒ are both convex. Now for any asymptotically continuous measure E measuring entanglement ͑or correlation͒ between CЈC and D one has
for any M ജ 2. We use here in particular the convexity of the considered measure E.
Thus we see that the operation performed by an external party locks either of the two measures. Now if we remotely concentrate the original qubit CЈ on the Charlie CЉ site and finally Charlie swaps it with the qubit CЈ then the most important part of the state shared by Charlie and David, i.e., the state C Ј CD d , is recovered, which completes the process of unlocking the measure E. Note that here it is important that because of the linearity of the concentration process the state
is product with qubit CЉ as it was before the initial step. Otherwise the procedure of unlocking could fail because of possible locking with the qubit CЉ.
Finally let us consider the analogous effect of locking of classical information. It is easy to see that the first version of the above protocol can be immediately extended to that case. Instead of entanglement measure one should use the measure I c introduced in ͓37͔ while in place of C Ј CD d one should put the pure whole state from ͓37͔. Note that the second of the above versions involving partially depolarized qubits does not generalize automatically since the quantity I c measuring optimal classical bipartite correlations is not convex.
VI. DISCUSSION
Let us consider some of the properties of generalized Smolin states. It is interesting to understand why maximal Bell violation does not imply quantum security in this case. The first intuition would be that because there are some correlations that ͑i͒ are strictly nonlocal ͑since all the measurements in Bell measurement are performed locally͒ and ͑ii͒ are not accessible to Eve ͑since Bell inequalities are violated͒, one should expect quantum security. On the other hand, one could argue that any violation revealed here singles out one particle versus all the remaining ones taken together. Thus, one may say there are doubts whether the inequalities have any multipartite character. However, the remaining parties still perform measurements locally, which means that the correlations are stronger than just if they were interpreted in terms of entanglement of a single particle versus all the other parties taken together. On the other hand we have an obvious argument against security since the states are biseparable ͓separable against any ͑2͒ − ͑2n −2͒ particle cut͔ which means that no security can be distilled even if some parties can communicate in a quantum manner. Most probably the reason is that the present states, despite violating Bell inequalities, do not have any set of axes that provide perfect correlations between all the parties. Thus, in a sense, the quantum correlations even if nonlocal are completely useless for establishing correlated data.
Such a set of axes with corresponding maximally correlated probabilities is possessed by a Greenberger-HorneZeilinger state, the Hilbert-Schmidt representation of which has nonvanishing coefficients not only at i 2n ͑i =1,2,3͒ operators ͑as GSSs have͒ but also at all permutations of operators 3 2k I 2͑n-k͒ . This easily allows one to design an Ekert scheme ͓4͔ with any of observers choosing randomly one of the following four axes: x , ŷ, ͑1/ ͱ 2͒͑x + ŷ͒, ͑1/ ͱ 2͒ ϫ͑x − ŷ͒. This is not the case in for a GSSs where only few correlation terms survive in the Hilbert-Schmidt representation. In the presence of recent important results on security in postquantum theories ͓38͔, following the above discussion it is reasonable to conjecture that any physical system, even in postquantum theory, that maximally violate Bell inequalities leads to cryptographic security if only has one pair of axes with maximal correlations. It would be also interesting to consider the cases when the presence of maximal correlations is accompanied by nonmaximal Bell inequality violation.
Let us pass to another interesting issue-remote concentration of quantum information. We have shown that generalized Smolin states can serve as a resource to concentrate quantum information delocalized in the process of cloning. We pointed out that, because of linearity of the process, the states allow one to unlock entanglement measures as well as classical correlations measured with the help of the quantity defined in ͓37͔.
Finally it is interesting to note that the states allow for secret sharing. Although they are highly mixed they share this property with multipartite pure states considered in ͓34͔.
In the present paper we have performed construction of generalized Smolin states with the help of the HilbertSchmidt formalism. We have also shown that they can be useful for various quantum tasks. It is very interesting to what extent that type of state can serve as a tool in quantum computing processes. A natural application would be remote quantum-information concentration, but it requires an explicitly nonlocal resource ͑delocalized information itself͒. It is interesting to ask what is a minimal additional resource that would make states of GSSs type useful for quantum computing, but this goes beyond the scope of the present paper ͓40,41͔.
After completing the first version of this work ͓e-print quant-ph/0411142͔, we became aware of the work of Bandyopadhyay et al. ͓42͔ , where generalized Smolin states were introduced in explicitly correlated ͑Einstein-PodolskyRosen-like͒ form and their unlockability property was discussed.
